We provide a characterization of the resolution width introduced in the context of Propositional Proof Complexity in terms of the existential pebble game introduced in the context of Finite Model Theory. The characterization is tight and purely combinatorial. Our first application of this result is a surprising proof that the minimum space of refuting a 3-CNF formula is always bounded from below by the minimum width of refuting it (minus 3). This solves a well-known open problem. The second application is the unification of several width lower bound arguments, and a new width lower bound for the Dense Linear Order Principle. Since we also show that this principle has Resolution refutations of polynomial size, this provides yet another example showing that the size-width relationship is tight.
Introduction
Resolution is one of the most popular proof systems for propositonal logic. Since Haken [15] proved an exponential lower bound for the smallest resolution proofs of the Pigeonhole Principle, its strength has been studied in depth. The focus has been put in two related directions: (1) proving strong lower bounds for interesting tautologies arising from combinatorial principles [21, 10, 6, 8, 3, 18, 19] , and (2) the study of the complexity of finding resolution proofs [6, 8, 2, 5] . This research is still ongoing, and we believe that the question of whether Resolution is automatizable or weakly automatizable in reasonable time is one of the most interesting open problems in propositional proof complexity.
A definitive step towards the understanding of the strength of Resolution in a unified way was made by Ben-Sasson and Wigderson [8] with the introduction of the width measure. The width of a resolution refutation is the size of the largest clause in the refutation. The main result of Ben-Sasson and Wigderson, building upon the work of Clegg, Edmonds and Impagliazzo [11] and Beame and Pitassi [6] , is the following: If a 3-CNF formula has a resolution refutation of size ¡ , then has a resolution refutation of width
. This interesting result relates the size with the width in a form that is suitable to prove size lower bounds. Indeed, if the minimal width of refuting is , then every resolution refutation of requires size
. Equipped with this result, Ben-Sasson and Wigderson not only re-derived all previously known lower bounds for resolution in an elegant and unified way, but even they managed to show that resolution is automatizable in subexponential time by an extremely simple dynamic programming algorithm. Should we notice however, that the size-width relationship of Ben-Sasson and Wigderson has shown insufficient to prove size lower bounds for some interesting cases such as the Weak Pigeonhole Principle. In fact, Bonet and Galesi [9] proved that the size-width trade-off is tight and therefore the technique cannot be applied to it. The problem about the Weak Pigeonhole Principle was finally solved by Raz [18] using a completely different technique.
Our goal in this paper is to establish a tight connection between the resolution width of BenSasson and Wigderson, and a certain combinatorial game, called existential 4 -pebble game, first introduced by Kolaitis and Vardi in the context of Finite Model Theory. Research in this direction was initiated by Atserias in [4] , in the study of the proof complexity of random formulas.
It is well known that the expressive power of several major logical formalisms, including firstorder logic and second-order logic, can be analized using certain combinatorial two-player games (see [12] ). Existential 4 -pebble games were introduced by Kolaitis and Vardi [16, 17] and used to analyze the expressive power of Datalog, a well-known query language in Database Theory. These games are played between two players, the Spoiler and the Duplicator, on two relational structures To each move of the Spoiler, the Duplicator must respond by placing her corresponding pebble over an element of , have large initial width. Consequently, in order to get meaningful width lower bounds it is necessary to convert them into equivalent and short (generally 3-CNF) formulas in a preliminary step. Unfortunately, it is usually the case that the resulting formula looses some of the intuitive appeal of the principle it expresses. Furthermore, in a width lower bound proof, dealing with the auxiliary variables is usually simple but cumbersome and laborious. To simplify this situation we define a variant of the pebble game, called extended pebble game, that can be played directly over formulas with large clauses and that hiddes all the technical details, such as the process of dividing large clauses, the introduction of auxiliary variables and its treatment, inside the proof. In particular, the width lower bound for the
is obtained this way. We complete the picture about principle provides a new example requiring large width but having small Resolution proofs (see [9, 2, 5] for further discussion on this).
Our second application of the combinatorial characterization is a suprising result relating the space and the width in Resolution. The space measure was introduced by Esteban and Torán [13] (see also [1] ). Intuitively, the minimal Resolution space of refuting a CNF formula is the number of clauses that are required to be kept in a blackboard (memory) if we insist that the refutation must be self-contained. In [1] , this measure is referred to as the clause space. Strong space lower bounds were proved in the literature for well-known tautologies such as the Pigeonhole Principle [20, 1] , Tseitin Tautologies [20, 1] , Graph Tautologies [1] , and Random Formulas [7] to cite some. Our surprising result is that the minimum space of refuting an F -CNF formula is always bigger than the minimum width of refuting minus , space lower bounds follow at once from width lower bounds. Our result answers the conjecture in [7] in the positive. . In all other cases we say that leaves undecided. Resolution is a refutation system that works with clauses. The only rule is the so-called resolution rule:
Preliminaries
is any function
, where
, such that defines an homomorphism from the substructure of . In other words, is a function such that for every relation symbol ! F E ¥ of arity and
. If and X are partial homomorphisms, we say that
We say that g is a winning strategy for the Duplicator.
Intuitively, each partial homomorphism X y E g is a winning position for the Duplicator in the game. For the interested reader, we mention that the existential 4 -pebble game is know to characterize definability in the -variable fragment of the infinitary logic ¢ ¡ ¤ £ ¦ ¥ that is obtained by closing the set of atomic formulas under arbitrary conjunctions and disjunctions and existential quantification (see [16, 17] for more information).
Combinatorial characterization as games
It is well know that F -CNF formulas may be encoded as finite relational structures. Indeed, let 
¡ ¢
Combining these two lemmas we obtain the main result of this section. We say that the Spoiler wins the existential We note that the existential 4 -pebble game does not talk about resolution at all. Thus, this provides a purely combinatorial characterization of resolution width.
Application: Width bounds space from below
In this section we show that the resolution space introduced by Esteban and Torán [13] We note that this theorem can be used to derive space lower bounds for all formulas for which width lower bounds are known such as the Pigeonhole Principle, Tseitin Formulas, Random Formulas, and so on.
Application: Unified width lower bounds
The new characterization of the width can be used to obtain width lower bounds in a simpler and unified way. For CNF formulas whose clauses are already small, the width lower bound is obtained directly by exhibiting a winning strategy for the Duplicator. We illustrate this point with the encoding of the Pigeonhole Principle into an unsatisfiable 3-CNF formula by means of auxiliary variables (the so-called standard non-deterministic extension).
We will consider the 
¡ ¢
We claim that all width lower bounds in the literature can be easily re-derived by exhibiting a winning strategy for the Duplicator. For example, [4] provided a winning strategy for the Duplicator for random formulas, and thus width lower bounds are also derived for them.
Our next twist is an attempt to systematize the use of the extension variables such as the
The point is that we would like to play games on CNF formulas with arbitrarily long clauses, and derive meaningful width lower bounds for their standard non-deterministic extensions. For an arbitrary CNF formula without any restriction on the length of its clauses, let us define an equivalent
. Such a formula is called the standard non-deterministic extension of in [1] . For every clause of length at most The aim of the following definitions is to formalize a variation on the existential
4
-pebble game that is tailored for the non-deterministic extensions that we just introduced. Let be a CNF formula without any restriction on the length of its clauses. Let be the set of propositional variables of . An extended partial truth assignment and is partial truth assignment. Moreover, if 
, and E , then there is some 
, obtain an extended partial truth assingment Therefore, the Dense Linear Order Principle is another example of a tautology witnessing the impossibility of improving the size-width relationship of Ben-Sasson and Wigderson. We note that the width lower bound for '
